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Introduction. Por an isolated hypersurface singularity £: (& s0) -

> (€,0) the following célebrated formula is valid (see [ Mi] ,p.59):
no= dlmm @{Xop...,xn}/(éof,...,an) .

It relates the topological invariant u , the Milnor number to a

readily computable algebraic invariant.

For ageneral hypersurface singularity it is improbable that there
exist formulae of comparable simplicity for all Betti numbers of the
Milnor fibre. However, for a more restrictive class of functions with
non isolated singularities this seems to be possible. Siersma [8] studied
hypersurfaces with one dimensional complete intersection singular locus

along which f has (away from 0) transversally en A -singularity, from

a topological point of view. In this paper we show th;t for this class
of singularities the relative de Rham cohomology is torsionfree. This
fact implies that for these singularities there are simple algebraic
formulae for the Betti numbers of the Milnor fibre.

The proof goes as follows. In §1, we prove the cocherence of the
relative de Rham cohomology for so-called "concentrated singularities”.
In §2, we consider the spectral sequence for the Gauss-Manin system
coming from the "Hodge filtration". When this spectral sequence
degenerates at the Ez-level, one gets torsion freeness of the relative
de Rham cohomology in the same way as Malgrange's proof of the
corresponding result for isolated hypersurface singularities. In §3,
finally we check by explicit calculation the degeneration of the



204

spectral sequence for our special class of functions, using & result
of Pellikaan [Pe].

§1. Coherence of Relative de Rham cohomology

In the case that £: (¢n+1,0) + {€,0) defines an isolated

singularity, Brieskorn [B], by using a projective compactification and
Grauert's direct image theorem, proves that the relative hypercohomology
i o0 i . -

graups R ff(nx/s)m H (f*nx/s) are coherent OS mffules. Here X + S

is a Milnor representative of f ; i.e. X = BE n £ (Dn) 0 <n << g etc.
In [B~G] Buchweitz & Greuel prove a general coherence theorem for

certain complexes K" on an analytic space X with a flat map to a

curve S , but still with the condition that the fibres have isolated

singularities. They use a result of Kiehl and Verdier {(see for example

[D1).

In {H] Hamm proves the coherence of ]le*(ﬂx/s

}/torsion in a quite
general setting.

Here we give a coherence theorem general enough tobe applied in §2 and
§3. In absence of an appropriate reference, we include a proof, which is
based on [B] and [B-G]. We consider map germs (X,x) £ (S,s) with X an

an analytic space and S a smooth curve.

Definition 1. A standard representative of the map germ (X,x) E(S,s)
is a representative X £ S of the form

X = X 1= (BEnY)nf'

with B8 an open e-ball in EN and Dn an open n-disc in & . For

the intersection we use a fixed embedded representative Y < EN , T<cC
for the gexm (X,x) § {(S,s) .

We put X := 3B 0 Y f-l(Dn) and X = XU 23X (relative boundary

and relative closure}.

Note that for e,n small enough XE'n will be a contractible Stein
space.
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Definition 2. Let X 3 S Dbe a standard representative for a germ

(X,%x) » (8,8) and L a sheaf of C-vectorspaces on X .

L is called transversally constant {with respect to U and ¢} if there

exists an open neighbourhood U of 3X in EN and a C -vectorfield

6 on U with the following properties:

1) 6 is transversal to BBE .

2) the local g-flow in U leaves X and the fibres of £ in X
invariant.

3) the restriction of X to the local integral curves of ¢ is a
constant sheaf.

Theorem 1. Let X ] 8 be a standard representative of the germ

x,x) % (s,s) .

Let (K ,d) be a finite complex of sheaves on X . Assume:

1) the sheaves K are Ox—coherent modules.

2) the differentials are f'l(Os)~linear.

3) the cochomology sheaves Hi(K°) are transversally constant (with
respect to a single U and 6}.

Then :le*(K'} is an Os-coherent module.

Sketch of proof: Let X = Xe _ Now choose an U and ¢ exhibiting
: r

the H'(K') as transversally constant sheaves. By compactness of 3X

and transversality of ¢ we can find €, < € such that sxa . < U
I

and 6 # axa N for all o € [az,e] . Choose € € (92,9) . Because 6
14

respects the f~fibres and leaves X invariant we have a commutative

diagram

-x S ¥, —X with X, = X
1 i €M
X, = X
\ L/ oEgm
axr-«ys

Here p and g are the quotient maps induced by the local 8-flow. If
I, is a transversally constant sheaf on X {(w.r.t. U and ) then
R'p, L |X-K, ¥ R'q,L| XK, (in fact =0 for i > 0). By the
spectral Sequence for the composition of two maps we get

R £,L %X -X
R £ I;]X s R £ EJ]X - The same argument for X-X, €>3X 6 gives
R, 1 |x ¥ rif, 1 |X, ¥ R'£,IL [X, . Apply this to I = H (K') . This

gives an 1somorphlsm of spectral sequences

% 3 r't KH X ~X2 . By Mayer-Vietoris we then get
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P, (1 (k) x) 3 RPg, (HA(Kx )

' ¢
RPMe (KT b0~ 55 ®PY g, (k7 1X))

showing that shrinking of X does not change the hypercohomology. This
fact implies the coherence of Ile*(K') as Os—module, in exactly the
same way as in ([B-Gl,p.250) by applying the main theorem of Kiehl &

Verdier. o

Definition 3. Let X 5 S be a standard representative of ({X,x) > (8,s) .
A complex of sheaves (K',d) on X = Xe n is called concentrated if

N
for all e' € (0,e] there exists n' € (0,nl such that the restriction

of K to XE, nt full-fills conditions 1), 2) and 3) of Theorem 1.
’
A germ (X,x) - (S,s) is called concentrated if the relative de Rham

complex Q%/S is concentrated for some standard representative of

the germ.

.Examples.

1) A deformation (X,x) 4 (8,8) of an isolated singularity
(XS = f_l(s),x) is concentrated (see [B-G],p.248).

2) A hypersurface germ f: (En+1,0) + (C,0) with a good E*—action
(i.e. all weights >0) is concentrated.

3) A hypersurface germ f: (¢n+l,0) + (€,0) such that for a certain
representative X £ S there are onlv a finite number of isomorvhism
classes of germs {X,x) » (8,8) with x€X, s = £(x}), is concentrated.

4) The function £ = y4+ xyzz2 + 24 does not define a concentrated

germ at 0 . The relative de Rham cohomology is not coherent.
We omit the proofs of these facts.

The idea is that for a concentrated complex the things really only
happen in-one point.

Proposition 1. Let X § S be a contractible Stein standard

representative of a germ (X,x) + (S,s) and let (K ,d) be a concen-
trated complex on X . Then:
Loeey % mie (k°y % (¢ uiopr iee i
H™ (£,K )s > RTf, (K )S > (£,H7 (K ))S ~ H7(K )X ~ H (KX)
Proof: The first isomorphism follows from the spectral seguence
#P (rR9g,k") => BP*9£, (K') and the fact that the K% are coherent and
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X is Stein, so qu*(K') =0 g > 0 . For the second isomorphism we use
the other spectral sequence Rpf*(Hq(K°)) P IRp+qf*(K'). By concentradness
we may replace X by X and then apply ([G],IT 4.11.1) to obtain
Rpf*(ﬁq(K.))s = Hp(f_l(s),Hqif_l(s)) . By concentratedness again we may
assume there is a contraction of f_l(s) to x such that the restriction
of HY to the fibres of the contraciton is constant. The proposition
then follows from

Lemma 1. Let ¢: X x [0,1] » X be a contraction of X to p € X by
homeomorphisms (i.e.: ¢(x,0) = x , ¢(x,1) =p , ¢(p,t) = p V¥Vt € [0,1]
and ¢f{-,t): X e Xt := ¢{x,t) homeomorphism vt € f0,1)} . Let

¥.: I X ; t > ¢(x,t) . Let F be a sheaf on X with F]YX([O,I))

X
a constant sheaf.

Then H (X,F) =0 Vi > 0

Proof, Let U = X-{p} , U, = Xt—{p} and Jj: U - X the inclusion map.
First we prove the lemma for F = j,6 with G a sheaf on U . We have
a spectral sequence Hp(X,qu*G) = Hp+q(U,G) . But Hp(x,qu*G) =0

p,q9 > 0 because the higher direct images are concentrated at p . By
constancy of G along the contraction fibres Hp+q(U,G) e

¥ lim Hp+q(Ut,G) = HO(X,Rp+qj*G) so we must have HP(X,j,6) =0 for
t->1

p>0 . Using

0 -8 (F) »F~>F >0

{p}

- . L% i
0 - F + 3,3 F ~» H{p}(F) >~ 0

*
and the fact that HO(X,j*j F) > HO(X,H%p}CE)) the general case

follows from the special case. o

For the relative de Rham complex cone has of course a link with the
topology of the situation:

Proposition 2. Let X £ S be a contractible Stein standard representa-

tive of a germ (X,x) - (S,s) . Assume that Q%/S is a concentrated
complex and thatf[x—fal(s):X—f_l(s)+s—{s}is a submersicn. Then there is a

shors exact sequence of Os—modules

x/8

x/s) 7 £ (0

0 > (RME,@) 6 0g » HE (.0 } -0

x/$

_ 1 q,Ls
= £ OS and that H (QX/S)

+q .
Proof. Look at the spectral sequence Rpf*(Hq(Q )} = &P qf*(ﬂx/s)

and remark that HO(Q

i trated
X/S) is concen
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.on f—l(s) . Use that le*f-lOS = le*mx & OS(by an easy adaptation
of [L] , p. 138} o

§2. The Gauss-Manin system

Let X L4 S be a standard representative of a hypersurface germ
f: (¢n+l,0) + (&,0) . The Gauss-Manin system HX is a certain f{complex
of} Ds—module(s), describing the behaviour of period integrals over
cycles in the f-fibres (see [Phl,[S-81).

In formula ([S-S],p.646):
- [ - ‘rp
HX—J Oy = R £, (a,[D])
Here QQED] is a complex of sheaves on X with differential 4

d(0-D%) = du-D* - dfaw-pFTL.

On this complex there is an action of t and at

te(weD¥) = feu.D5 - k.ud®7!

Bt(ka) = w-Dk+l

One should think of the symbol w'Dk as representing the
differential form

%
Res{—Kle

\
X,t (f—t)kﬂ

on the Milnor fibwye Xt . One can consider the complex (Qi[DJ,Q? as
the associated single complex of the double complex (K" :;d,-dfA) with
kP9 = “§+q for q = 0

so called "Hodge filtration", obtained by cutting off vertically.

’ kP9 = 0 for g < 0 . This complex carries a
In formula:

FPQ§[D] =@ 2y +D
k- (p+1)zg

This filtration gives rise to a spectral sequence.

Question. Under what conditions does this spectral sequence

degenerate at E2 ? (i.e. di =0 i =z 2).
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Is this true for concentrated singularities in the sense of §1?

Remark. For £ = y4+xy222 + z4 it does not degenerate at E2

We introduce some notation: Put £ = Qg
S := ker(dfa:a’ »~a *1)
¢ :=daf A o 7}
H" := 8" /C° (the Koszul cohomology)
Q% := @ /C"  (the relative de Rham complex).

The relations between these complexes, which carry all a differential
induced and denoted by 4 , are summarized in the following diagram

with exact rows and columns.

.

s

AL etr11 s o0

.

Y. dfa
N

LY
£ ¢ {11 -0

¥

< <
¥ ¥
O+ L4 ne e W
¥
O« D D+ O+ D

Now the E_-term of the spectral sequence of the Hodge filtration

.. 2
on (K ;d,-dfA) can be written as:
jO if g <0
ebd = { HP(S") if g=0
PPNy if g 0 .

(Here we abbreviate HE(£,57) to HP(3") etc.)
Thus we get a collection of maps dz: HE(H) > Hp+l(3.} p=0,...,n+l

Due to the peculiar shape of the complex (K ';d,-dfa) we have

Lemma 2. If d2: Hp(H.) > Hp+l(8') p=1l,...,n is the zero map, then

the spectral sequence degenerates, i.e. E2 = E

o
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Proof. A form w € of represents a class in HP(H') iff df A w = 0

and dw = df A w for a certain w, € 9F . Then dz[w] is represented

1
gP*1

by dwl , considered as an element in (S') . This element represents

zero iff dw, = dn with df A n =0 for a certain n € oP . This

means that we can change wl to Wy o= wl~n , which is closed. So we

have: dsz] = 0 means: If df A w =0 and dw = 4df A W then we can

choose W, closed.

Now suppose we have a form w representing a cycle for the differential

dr . This means that we can find wl,...,wr such that df A w =0 and
dw = df A Wi dwk = df A Wil k=1,...,r-1 but already dw = df a W,
implies that we can choose LY closed, so we can take Wy = 0 k=2,...r .
Hence dﬁlW]=&m9=0 . o

0, .. n+2, .- . . .
Remark. H (H)=H (§ ) = 0 , so the map is only interesting for
p=1l,...,n .

We will now give an alternative descriptd&on of the dz—map. Look at the

long exact cohomology sequences

... -~ ®Pcy » #PsTy - wPH) T

e, = HP(ST) - wPwy - Py - ...l

coming from the diagram. If p 2z 1 , then Hp(Q') =0 , sO we get
an isomorphism HP(C') 5 Hp(s') (p22). We call this isomorphism Bt .
If an element of HP(C') is reppesented by df A n , n € aP*l  then

at([den]) = [dnl .
We can eliminate HP(C') from the first long exact sequence using this

isomorphism. SO we get:

e.. - HPMHY - Hp+1(c') I, wP* sy s ...

3;1 (pz 1l

Hp+l

Claim. a = d2 .

Proof. The map Hp(H.) o Hp+l(C') can be described as follows: If w
represents a class in HP(H') then df A w = 0 and there is an w1

such that dw = df a W, The image 4in Hp+l(C') is then just

[dw] = [dewl] . Applying Bt to this element gives [dwl] , SO

e (lwl) = a,([wl) . o
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The map Jj above is induced by the inclusion ¢« 8 and although

the induced map Hp+l(8'} > Hp+l(S'} is not really the inverse of 3
we denote it by a;l . One has a;ln 3, = 3 . Observe that j is

Gs—linear whereas Y is a derivation over j

Similarly we have an exact sequence and isomoprphism involving HP(Qé)

£ 7

ee. = HPWHY - HP(SZ%) > #Ptl e AR

-1
3¢ \Bt [ /

p L]
H (Qf)
In this diagram 3t is represented as follows: A class in Hp(Qé) is
represented by w € o such that dw = df A n . Then Bt([w]) = [dfan].
As we have isomorphisms of the maps
aP ey - wPthen) T wPTsh)
-1 -1 -1
] £l 2
' t 4 t N t
#P ey e EPthen) e WPt s
{(where the horizontal maps are all called at )} we get:

Corcllary. Equivalent arve
1) d2: Hp(H) 3 Hp+l(S') is the zero map

2} s;l: HP(Q%)$> ’ Hp+l(c.) S or Hp+l(3')‘=> is injective

3y #P(aL) ] HP+1(C.) or Hp+l(C') 3 Hp+l(3') is injective.
£

Now, ;philosophically at least, the operator 8;1 should be similar

-1

to multiplication by t . Injectivity of 3 should learn about

t
injectivity of t , i.e. torsion freeness of Hp(Qf) as an Os—module.
The modules HP(Q%) , BPT ¢’y ana eP*1(s")  are analoguous to the

modules of Brieskorn [B] H,H' and H" respectively: on S-{s} they
are locally free of rank bp(F) , the p~th Betti number of the Milnor
fibre F = f-l(t) , t # 8 . The isomorphism on S~{s} is given by the

map J|S-{s} , so .ker 3 and cok j are both modules supported om the

. . . Py Ot o+l o
peoint {s} . Further we have isomorphisms H—(Qf) + Hf (S ) and
. 3
+ . + N A .
aP 1(C } £ wP l{S ). The relation dct - t3, =] 1is easily seen to
hold. We repeat Malgrange's proof of the Sebastiani theorem (see [Mal],

; + . ,
p.416): the torsion freeness of the Brieskorn module H" = H" 1(3 ) in
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the case of an isolated singularity.

Theopem 2., Assume that Hp(Qé) ' Hp+1(C') and Hp+l(3') are coherent
OSfmodules. If a.: #HP#H) - #P*1(s") is the zewo map, then
Hp(Q%) , Hp+l(C') and Hp+l(3') are torsion free.
Proof. Put E = #Ptl(c’) , F = gP*1(s") . We have an isomorphism
3 N
E S F and if a, = 0 an Og—linear injection BE 2 F with FA(E)

Os—torsion, i.e. we have 4n (E,F)-connection in the sense of
Malgrange.
We derive a contradiction by assuming Torsion (F) # 0 . So let t-w =20,

3
0 #£#w €F . By E ﬁgif‘ we find an n € E such that 3,n = w . Now

tkn # 0 Vk , because if tkn = 0 , with k smallest as possible, then
0=02, tn-= ket" 130 + 50,0 = k-5 300, By injectivity of 3

it foldows that t n =0 , so contradiction. By coherence of E as
0g-module it follows that nis-{s} # 0 , but atn}s-{s} = 0 . But now
we use the link with the topology, by integrating n over a horizontal

family of vanishing cycles vy(t) , t &€ [0,1] . One has

- _ 4 [
0 = J Btn = 3t J n
vy{t) y ()

so the period ¢ *‘@(t>“ is constant. Because n is holomorphic on
the whole of X , and has closed restriction to the f-fibres, we know
however that this integral has to go to zero. (Here one has to use an
extension of Lemma 4.5 of [Ma] to the case of p-forms, which can be
proved quite in the same way). Hence jy(t)n =90 t € [{0,1] . As this
is true for every horizontal family of cycles we conclude that n

represents the zero form. Contradiction, hence torsion (F) = 0 .
The rest of the proof is obtained by remarking that via the Os—linear
map Jj Hp(Q%) and Hp+l(C') are submodules of Hp+l(S) . o

Remark. The proof of the theorem shows that one really needs coherence
modulc torsion of the module Hp+l(C') , which follows from the results
of Hamm [H]. In order to keep this paper as selfcantained as possible,

we prefer to use the dikect acherence theorem of 81 for the singularities

we are interested in.

There is an obvious kind of converse to Theorem 2.
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Proposition 3. Assume HF(#') coherent. Then if #PY!($') is

torsion free, then d,: B2 (H) > #BP*1(S")  is the zewo map.
Proof. HP(H') is an OS—module concentrated at s . By coherence, it is
torsion. Hence the Os—linear map dz has to be zero. o

Of course, if one knows that Hp(Qé) is a torsion free OS-module, then
one gets relatively nice formulae for the Betti numbers of the Milnor

fibre.

For a concentrated singularity one has the exact sequence of
Proposdition 2, §l:
i i
O—>Rf*(EX®OS—>H(f*Q

. i o
5> £ @) >0 .

b,
The first sheaf has stalk 0 at s and € 1 8 0 at t # s where

S,t
bi = bi(F) is the i-th .Betti number of the Milnor fibre. The second
sheaf is Oj-coherent with stalk f*Hl(Qé) = Hl(ﬂé 5 at s . If we
I

know that t acts injectively one thug finds.

b, (FX = dimg Hi(Q%,X)/t-Hi(Qéyx) )
By Malgranges index theorem ([Ma],p.408) this number is adso egual
to aimy #hag /o7t BhGar ) = aimg &M )

Conclusion. For a concentrated singularity where

- i . i .
. Lo
at : H (Qf,x) i (ﬂf,x)

o i+1,,.- .
wa have: bi(F) = dlmm H (HX) (i>0)

§3. A special class of singularities

We now specialize our situation to the case of a hypersurface
germ f: (¢n+l,0) +~ (L,0) with a one dimensional singular locus. This
is the simplest situation where the map d2 of §2 can be nontrivial.
1I2 the sequel a fixed appropriate contractible S8tein representative

¥ > 8 1is understood).
We will give the singular locus the non reduced structure defined
by the jacobi ideal J,. = (Bof,...,anf) and denote it by I . So we

£

put OE = O/Jf , where 0 = OX . We also will consider the curve I ,
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defined by the ideal I , which is obtained from Jf by removing the
M-primary component. In other words, I is the largest Cohen-Macaulay

curve contained in T . Thus we have an exact sequence:
0 - I/Jf > 05 - 92 >0

where I/Jf is an M-primary O-module. In [Pel modules like I/J
have been studied and they are called "jacobi-modules”.

f

In order to study the map d we first need a description of

the Koszul cohomology groups Ht ? One easily sees (use for instance
the "Lemme d'Acyclicité, see [P-S]) that the Koszul complex on the
generators Bif , i=0,1,...n , acting on 0 , is exact except possibly
in degrees 0 and 1 .

One has (where Hi(O;BOf,...,anf) denotes Koszul homology)

n+l _ 9n+l/deQn

R

0/1,. = HO(O;BOE,...,an) H

£

n n+l1

ker (dfa:a” > q )/deQn‘

Hl(O;BOf,...,an) ~ H

N
8]

Hi(O;BOf,...,an) =90 ‘ i

Note that #H® and H™! are 0§—modules. The funny thing about H"
is, that although it is defined in terms of the function £ , its
structure as a module is only dependent on the singular locus £ . This
is always the case with the first non vanishing Koszul cohomology group.
It turns out that this cohomology group as a module is always isomor-—
phic to the dualizing module wy of the singular locus. For our
purpose it is important to have an explicit isomorphism between K"

and Wy The description of this isomorphism is due to R. Pellikaan
{Pel, and can be formulated as follows:

We consider the following diagram:

0
4
a a, a
0.« 0« 01« 02 e 0™« 0
+ ¢l+ ¢2¢ ¢nf (*)
Of < 0 « 8 <« AZG R An@ + An+16 <« 0
@
1/3,
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In the top row we put the minimal resolution of OZ as an

0-module. The bottom row is a natural incarnation of the Koszul complex
on the generators aif i=0,...,n ;0 is the module of tangent vectors
and 6 + ¢ is the map T aiai > I aiaif . The vertical maps ¢, are

1

induced from ¢1 , which expresses the fact that Jf < I ., Dualizing

this diagram with respect to (¢ and taking homology prodaces a map
[651: ExtD(0.,0) » H®
n”’ oz’ )

Theorem. (R. Pellikaan [Pel,p.152)

[¢§] is an isomorphism. o
So the choice of a volume form Q € o™t gin give a natural map
wy > H

We now restrict to an even more special situation: From now on we
assume that I 1is a reduced complete intersecétion curve,

This is precisely the class of singularities studied by Siersma from a
topological and by Pellikaan from an algebraic point of view.

Reducedness of I is equivalent to the condition that the function

f defines a singularity which around a point p € -0 1is right
eguivalent to f(xo,...,xn) = 22=1 xi {("generically transversal A1 "3},
If Z 1is a complete intersection curve, we can write I = (gl,...,gn) .
From the reducedness it now follows that £ € 12 , SO we can write

= i = i i
£ 5 Zhijgi gj . The function h : det(hij) , which is called the

transversal Hessian, is non-zero on a generic point of I (for these

facts, see [Pel).

As @ is a complete intersection, defined by gyre-+s9, + We can

resolve Oz by the Koszul complex. This implies that in diagram

(*¥ we can take ¢i = Al¢1 . Using Pellikaans theorem we can write

down a generator for HY  as OE—module as Wy Aty A ees A B whene
- : 1 n _
we put df = Ewigi with wg € Q0 . So H = OZ wy Awy A e Awp .
(In concrete terms: Write aif = ZAijgj with Aij a nx {n+l)-matrix.
Then o, A ...A w_ = £ A,d%, with A, = (-1)* . i-th nxn minor of
1 n i1 i
(Aij) , and dxi A dxi = dx0 A ....Adxn Y.

In order to study the map d: H Hn+l

+ +
n+l _ Qn+l/ n+1l

we first project

H = 0 ® Q to 0E ® Q I-Q and study the composed
n+

map d: H™ > @ /I . The first step is to compute w; A ... A w,

and d(wlA... Awn) mod I .
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Proposition 4. With the notation as above we have:

a. W, A ... A w_=h-dg, a. ... A dg mod I-0"
1 n 1 n N+l
b. d(ml/\.../\mn) = %dh/\qgl A .. /\dgrl mod I-Q .

Proof. Write £ = %rh..g.+.g. . Then we have
—_— ij?i 73

af = h, .dg, + 4dh, .9.) g,
i%j (hyj99y * 2dh, 49509,

sc we can take

= 3 .
wy % (hijdgj+ zdhij gj) .

Hence

€
It

1
i %hijdgj mod I-§

dw, = ) dh.lj Adgj - %dhij /\dgj = % % dhij Adgj
- !
So wl/\mzA...Awn—det(hij)(’}gl/\.../\dgrl mod I-0 and
d(wll\.../\wn) zg (-1)7 wlx\.../\dmi/\.../\wn =
_ R
—g (-1)" {2 hljdgj) Ave. A (2 %dhij;\dgj} A e
A (£ h_.dg.) mod I.0™"1 = %ah A dg, A ... A dg_ . o
nj 7j 1 n
Using this propositien, we can compute d :
g(PwlA...Awn) = dP A WA e A ey + Pd(ml/\.../\wn)

fi

th/\dglA...Adgn+%PédbAdglA...Adgn .

Introducing the vectorfield 6 , dual to dgl Ao A dgn {(i.e.:
19 (dxo/\. . ./\an) = dgl Avee A dgn where i, 1is the contraction
operator) we can interpret d as a map D: OZ - (}z ; P > D{(P) =

= h+6(P) + %6(h)+-P making the folldwing diagram commutative:

d
Hn ik Qn+1/IQn+l

I .

D. ’
OZ OZ
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Hewe OZ 3" is given by P > Proj A ... A0 and OZ 3 gntl/zgntl

by P - P-dx0 Ao A dxn .

The vectorfield 6 is tangent to I and non-zero on I~{0} .

Now we can prove:

Theorem 3. Let f£: (En+l,0) » {(€,0) define a singularity which has

a one dimensicnal singular locus, which is a reduced complete inter-
section. Write £ = %% h,.g,d. with I = (gl,...,gn) the ideal of

ij®i7®j
b and put h = det(hij) . Then

d

If h is not a unit then H® 9s go¥!

is injective

Hn N Hn+l

If h is a unit then has a one dimensional

kernel, which can be represented by a closed form.

Proof. Let P-ml Aves Awn € Hn be an element in the kernel of the
operator d . Then alse g(Pwl A...hAwn) =0 4i.e.: D(®) = 0 . In

the ring Og[h%J we can write the operator D as follows:
£ 5
D(P) = he(P) + % 6(h)P = h*-6(h*-P)

Because R is a function that is non-zerc on I~{0} we conclude
e(h%-P) = 0 ., Because 6 is a vectorfield that is tangent to

and non-vanishing on :1-{0} it follows that h%-P = C mod I-Oz[h%] ’
where C 1is a constant. If this constant.is non-zero, then one must
have that h is a unit in 0 . If this constant is zero it follows

that P € I , i.e. P wy x...%(gn represents zeroc hence

d: H® - Hn+l is injective.

If h is a unit, then we can "diagonalize" the matrix hgj by a
change of generators for the ideal I from the 95 to gy achieving
the form £ =% Egi for our function £ . (see [8],p.23). But then

df = ¢ dgi-gi , hence the generator of HY is represented by

dElA... AdEn which is a closed form. It is easy to see that every

element in the kernel &§ a scalar multiple of dgl;\... A&gn . s

Corollary. Under the hypothesis of theorem 3 and with notations of
§2 we have:
1) Hn(Q%)u a2l e’y ana HPT1(S') are free 0g-modules of
rank b {(F) .
n+1l, -0 n, .+ n .-
2) H (ﬂf) , H'(C') and H \S ) are free OS-modules of

rank bn_l(F) .
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3) b (F) = dimg BL(HY) = aimg(e™"l/ar A +an™) .

4} bn-l(F) =1 if h is a unit

=0 if h is not a unit.
The corollary follows by remarking that the complexes 9% .07 and
8" are concentrated for these singulariteées, and the fact that the
dz-map is the zeromap, as follows from the fact that the kernel
n n+l
of d: H > H

It is anteresting to note that

can be represented by a closed form.

n+1 n n R .

1] /df A0 + dH , which is a
vector .space of dimension bn(F) , does not have a structure of an
Ox—module, as in the case of an isolated singularity.

The proof of Theorem 3 shows a bit more: if h is not a unit then

aH™ n IQn+l = 0 . This fact gives an exact segquence

1 n+i n+1

0~ 1/3 0™ > oM lar Ao + g™ 5 @™ /1™ 4 a5 0

leading to the formula

bn(F) = dimm(I/Jf) + dimm(OZ/D(OZ)) .
The first part, dim (I/Jf) , 1s called the jacobi number of f .
Pellikaan has proved a conjecture of Siersma, stating that this number
jf is equal to #‘Al—points +#D_~points in a generic approximation
of £ , making the singular locus into a smooth curve.
The second part, dim(Oz/D(Oz)) has to be equal to yu(z) + #D -1,
by comparison with Siersma's formula ([S],p.4). We will give an
algebraic proof of this fact.

First note the formula of Buchweitz and Greuel for the Milnor
number of a curve: u(r) = dim(wz/doz) (see [B-G],p.244). Secondly,
the number of D, points in a deformation can be computed as
dim(OZ/htOz) (see [Pel,p.83).
Now assume that h”* € OZ . Then it is easy to see that we can consider

D: OZ - OZ as the composition of the following four maps

where the first and the third maps are multiplications and the last
one is the identification of ws with OZ by the generator
[deA el A dxn/dglA cae A dgn] . By additivity of the index we find:

L
Index (D) = Index(h%) + Index(d) + Index(h®)
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dim(Oz/D(OZ)) ==dim(02/h-02).+ p(r)-1 .

The proof in the case that h% 4 Oz is similar.

In the case of a line singularity, i.e. © 1is a smooth curve, one
can choose coordinates (x,yl,...,yn) such that I = (yl,...,yn)
and h = x°. As in this case 6 = ax we get a particularly hice form

for the operator: D = Xa'lv(xax-k%) R

Concluding remarks and questions.

-+
1) There should be some clear "geometry" in the map d: H > HP !
The expression D = xa_l(xax‘k%) for line singularities suggests

that it describes the monodromy of the transversal vanishing cycle

.

by a connection on I . However, in general I 1is singular and can
have several irreducible components and it is not clear in what
sense d 1s a connection.

2) It is a shame that this theory does not cover the case of
f = x*y*z ; the singular locus is not a complete intersection. Hevre
bl(F) = 2 , Is it always true that bn_l(F) < Gorenstein type (&)
when I is a reduced curve? Numerous examples confirm this guess.

3) There are many other examples of function for which one can verify
the degeneration of the spectral sequence. For example for the
singularities studied by T. de Jong in [dJ] one can check this
often.

4} The wectorbundle Hn+l(f*3') sitting in the Gauss-Manin system
does not seem to play the same rdle as in the isolated singularities
case in the sense of characteristic exponents. We will study this in

in a later paper.
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